The first derivative that you probably learned is the one of the function f(x) = x"
, which is:

1

fe)=n-x"
,aslongasn € Nandn # 0.
But how can you prove that? Well, you can calculate a lot of things in Calculus
only knowing this rule, but learning how to derive it, from the derivative’s own
definition, can be really useful in order to exercise your muscles of “proving stuff

in math”. And it is not as easy as it seems, at all.

By definition,

fv(x) = lim fx+h)—f(x)
h—0 h

,forh € R.

Now, considering our function f(x) = x", we can write its derivative using the
definition of a limit:

fv(x) — llm (X+h})l —X
h—0

In order to simplify this expression we need to use the Binomial Theorem. Let’s
introduce it by noticing the following:

x+h)' =@+ h) ;
(x+h)2=x2+2hx+h2;
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Well, let’s find a formula to express (x + h)n.
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Let’s show that the ‘tetrahedron equation’, and therefore the binomial theorem, is
indeed valid. We will do it by induction.
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The base case holds. Now we proceed to the inductive step. So, we assume that the
‘tetrahedron equation’ is true for n and we want to prove it forn + 1:

- A: A (x+h)n=2(2)x"‘khk

k=0

Inductive step: (assume that A is true, and + for n + 1)
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Change of variables:
j=k+1
k=j—1
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Now, going back to where we stopped, we can confidently substitute the
‘tetrahedron equation’ (that we just proved) into the ‘icosahedron equation’.
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This gives us that:
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And that’s exactly the result we expected! We can conclude that, indeed, the

. . n. n—1
derivative of x 1sn - x



