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Calculus is the outcome of a dramatic
intellectual struggle which has lasted for
twenty-five hundred years.

Richard Courant
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This material is a deeper look at the top-
ics discussed in this YouTube video. We
highly recommend watching the video
first to get a basic understanding, and
then reading this material. Click on the
image.



https://youtu.be/MaszunEszVM

Introduction

T ake a look at the equation below and think to yourself: “How would you
go about solving it?” You don’t need to know Calculus to do it, but you
do need a very strong foundation in the Language of Calculus.

J14+sinx + +1—sinx \@

This is actually the main reason people struggle so much with Calculus I, II,
I1I, and so on. They don’t take the necessary time to build the right founda-
tion.

That is what we are going to fix here. And after that, I promise you, mastering
Calculus will be easy peasy.



FUNCTIONS

I n order to solve this equation, you first need to master the concept of
functions. Functions are the most important part of Calculus.
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FUNCTIONS

Out of all the skills you can build, deeply understanding functions, and hav-
ing intuition on how they behave and how their graphs look is probably the
highest-leverage thing you can focus on.

Nothing else will get you closer to mastering Calculus.




Variables & Dependency

Let us start with a very simple definition of a function: a function is an object
that relates two variables, and creates a dependency between them. Think
about what a variable in your day-to-day life is. A variable is anything that
you can measure and that varies.

As an analogy, imagine a beam fixed at both ends. If you push it down, it
bends. And as it bends, different points of the beam feel different amounts
of stress.
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We will assign colors to those stresses such that each point of the beam gets
its own color depending on how much it is being deformed.



One of the variables is position along the beam, which we can measure with
a ruler, and the other variable is stress, which we can measure with colors,
or even better, by assigning a number to each color.

variable : stress \V

variable : position

| | |
| | 1
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Notice how these quantities are continuous, so for example, we can measure
positions 3.5 and 3.6, or even any position in between. We can measure stress
corresponding to green (which is 4 in our scale), or yellow (which is 5), or
even any level of stress in between.




But, can you see how these measurements are not random? These variables are
related to each other. The more we move from position 4 towards position
5, the more stress we measure in the beam. But if we continue moving right,
we get less and less stress. So, these variables (position and stress) are not
independent. There is some relation (some rule) between them. And (sim-
plistically) that is the concept of a function. A function acts as a “broker”, or
a “mediator”, between two variables.

function

I | | | .
012345678 910 mediator’

Also, notice how there is a sense of “direction” for functions. In this case,
we would say that the position is the INPUT value (i.e. the value given to
the function), and its response, which is the level of stress, is the OUTPUT
value.

function

INPUT OUTPUT

For each position there is a stress assigned to it, but the opposite is not always
true. The dependence goes in a specific direction: each position must give
exactly one stress value.



stress

position
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( CLICK HERE TO CONTINUE READING )
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ALGEBRA

ALGEBRA

pecifically for Calculus, what you need from algebra is the ability to ma-
nipulate expressions and solve equations, systems of equations, in-
equalities, and systems of inequalities.
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equations: x>+3=—x

x*4+8y=-2

y=-x

systems of equations :

inequalities : —xZ+3x+2<0

x+3<0

systems of inequalities :
y : {—ﬁ+1zo

BUT! The problem is that inside of each of these branches, we can have all
the functions we saw before (see below), plus some creative combinations of
them.

Polynomials Rational Functions  Functions  Trigonometric
Exponential Functions
[y ax* + bx3 + cx? +dx+e f(X)—x _7

‘ —l

f L T

Piecewise Functions

Absolute Value

Logarithmic Functions [y ~ {e" . x<0 Functions
y= log(x) Inx , x>0 y = |1n(x)|
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. i “Algebra is the

|| Ia intellectual instrument
\ | which has been created
for rendering clear the
quantitative aspects of
the world.”

— Alfred North Whitehead

The Goal of Algebra

( CLICK HERE TO CONTINUE READING

)
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TRIGONOMETRY
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TRIGONOMETRY

“Trigonometry is not about triangles, it is about rotations!”

/

cyclic & periodic
behavior

T he unit circle is the main object of study here, it just turns out that
triangles naturally appear when we try to describe the position of a
rotating point along the unit circle using horizontal and vertical coordinates.



Rotations
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& The Unit Circle

(

CLICK HERE TO CONTINUE READING

)



https://di-beos-shop.fourthwall.com/products/language-of-calculus

Bonus: INFINITESIMALS

Ji+sinx+ V1 —sinx = Jb

W e can slightly change the right-hand side of the equation by introduc-
ing a parameter b € R,.

Now, my challenge for you is to figure out for which values of b this equation
has solutions. Think about it for a moment before seeing the solution below.



Solution

( CLICK HERE TO CONTINUE READING )

17


https://di-beos-shop.fourthwall.com/products/language-of-calculus

Conclusion

Summary
You just finished this section:

Language

Algebra: equations, systems of equations, inequalities, systems
of inequalities (linear, quadratic, rational, exponential
and logarithmic).

Functions: domain, image and sketch graphs of functions
(polynomial, rational, exponential, logarithmic,
piecewise functions).

Trigonometry:

unit circle in radians, the main functions (sin,
cos, tan), trigonometric identities, and solving
trigonometric equations.

Accumulation

Integrals: indefinite integrals, definite integrals, integration
techniques (substitution, integration by parts,
trigonometric integrals, trigonometric substitution,
partial fractions), Riemann sums and Fundamental
Theorem of Calculus.

Applications of Integrals: areas between curves, arc
lengths, surface areas, work in

physics.
Sequences & Series: convergence vs divergence, ratio test,
comparison test, alternating series,
power series, Taylor series.

Change

Limits: concept of a limit, the 7 indeterminate forms and solving
limits.

Derivatives: concept of a derivative, definition of a derivative via
limit, power rule, product rule, quotient rule, chain
rule.

Applications of Derivatives:

optimization problems, sketching graphs of functions,
linear approximations, Mean Value Theorem.

FI Vectors & 3D coordinate system, dot
OW Geometry' product, cross product, lines and
" planes.

Partial Derivatives: functions of multiple variables and their
derivatives, gradient, directional
derivatives, tangent planes and
optimization with constrains (Lagrange
multipliers).

Multiple Integrals: double integrals, triple integrals, polar

coordinates, cylindrical coordinates and
spherical coordinates.

Vector Calculus: vector fields, line integrals, surface integrals,
Green’s Theorem, Stokes’ Theorem and
Divergence Theorem.

You only have 3 more to go. Come on!

CLICK HERE TO C

ONTINUE READING
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Do not forget to check out our catalogue of learning material. You might
find something interesting. Just click on one of these covers:

The Roadmap to The Roadmap to The Roadmap to

Differential Equations Calculus Linear Algebra
ou u :
Z =D



https://di-beos-shop.fourthwall.com/collections/full-pdfs
https://di-beos-shop.fourthwall.com/products/roadmap-to-differential-equations
https://di-beos-shop.fourthwall.com/products/calculus
https://di-beos-shop.fourthwall.com/products/the-roadmap-to-linear-algebra

If you found this document useful let us know. If you
found typos or things to improve, let us know as well.
Your feedback is very important to us. We are working
hard to deliver the best material possible. Contact us
at dibeos.contactegmail.com or sign up to have access to
future books and course at https://dibeos.com/

All rights reserved by DIBEOS. No part of this publication may be reproduced, stored in
a retrieval system, or transmitted in any form or by any means, electronic, mechanical,
photocopying, recording, scanning, or otherwise, without prior written permission of the
Publisher.
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